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SKEE2263 

Digital Systems 
Topic 4b 

Number Representations Part II – Real Numbers 

(Fixed- and Floating-Point) 
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 Numbers with fractions 

 

 Fixed-point 

› Partition a binary word into integer and fractional 

› Radix point is in a fixed position 

 

 Floating-point 

› Large dynamic range 

› Composed of a mantissa and exponent 

Real Numbers 
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 An N-bit fixed-point number can be interpreted as either: 

› an integer (i.e., 32240) 

› a fractional number (i.e., 0.45) 

 

 

 

 

 

Fixed Point Arithmetic 
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 Qm.n notation 

› m bits for integer portion 

› n bits for fractional portion  

› Total number of bits N = m + n + 1, for signed numbers 

 Example: 16-bit number (N=16) and Q2.13 format 

› 2 bits for integer portion 

› 13 bits for fractional portion 

› 1 sign bit (MSB) 

 Special cases:  

› 16-bit integer number (N=16) => Q15.0 format 

› 16-bit fractional number (N = 16) => Q0.15 format; also known 

as Q.15 or Q15  

General Fixed-Point Representation 
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 N-bit number in Qm.n format: 

 

 

 

 

 Value of N-bit number in Qm.n format: 

 

General Fixed-Point Representation 
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n2 = scaling factor 
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Several Interpretations of 1110 

1110 Integer Representation Q3.0: 

 -23 + 22 + 21 =  -2 

 

11.10 Fractional Q1.2 Representation: 

 -21 + 20 + 2-1 = -2 + 1 + 0.5 = -0.5 

(Scaling by 1/22) 

 

1.110 Fractional Q3 Representation: 

 -20 + 2-1 + 2-2 =  -1 + 0.5 + 0.25 = -0.25 

(Scaling by 1/23) 

. 1 1 1 0 

. 1 1 1 0 

. 1 1 1 0 
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 Fractional representation suitable for DSP algorithms. 

 Fractional number range is between 1 and -1 

› Multiplying a fraction by a fraction always results in a fraction 

and will not produce an overflow (e.g. 0.99 x 0.9999 less than 1) 

› Successive additions may cause overflow 

 Represent numbers between 

› -1.0 and 1 − 2−(N-1), when N is number of bits 

Fractional Fixed-Point Representation 
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 Q15 used in 16-bit DSP chip, resolution of the fraction 
will be 2-15 or 30.518e–6 
› Q15 means scaling by 1/215 

› Q15 means shifting the binary point to the left by 15 places 

 Example: how to represent 0.2625 in memory: 
› Method 1 (Truncation):  

INT[0.2625*215] 

= INT[8601.6] 

= 8601 

= 0010000110011001 

› Method 2 (Rounding): 

INT[0.2625*215+0.5] 

= INT[8602.1] 

= 8602 

= 0010000110011010 

Q15 Fractional Fixed-Point 
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General Fixed-Point Representation 

 Min and Max Decimal Values of Integer and Fractional 

4-Bit Numbers 
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 When two Q15 numbers are added, the sum may fall 

outside this range, leading to an overflow. 

 

 Overflows can cause major problems by generating 

erroneous results. 

 

 The simplest correction method for overflow is scaling. 

Q15 Addition 
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 The idea of scaling is to scale down the system input 

before performing any processing then to scale up the 

resulting output to the original size. 

 

 An easy way to achieve scaling is by shifting. 

 

 Since a right shift of 1 is equivalent to a division by 2, 

we can scale the input repeatedly by 0.5 until all 

overflows disappear. 

 

 The output can then be rescaled back to the total 

scaling amount. 

Scaling 
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 Product of two Q15 numbers is Q30. 

› Range of –1 and 1, the product will be in the same range.  

 Typically, only the most significant 15 bits (plus the sign bit) are 

stored back into memory 

Q15 Multiplication 
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 Which one is better? 

 Truncation 
› Magnitude of truncated number always less than or equal to the 

original value 

 Consistent downward bias 

 Rounding 
› Magnitude of rounded number could be smaller or greater than 

the original value 

 Error tends to be minimized (positive and negative biases) 

› Popular technique: rounding to the nearest integer 

 Example: 
› INT[251.2]  = 251 (Truncate or floor) 

› ROUND [ 251.2] = 252 (Round or ceil) 

› ROUNDNEAREST [251.2] = 251 

Truncating or Rounding? 
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 Wordlength effects occur when wordlength of memory (or 
register) is less than the precision needed to store the actual 
values. 

 Wordlength effects introduce noise and non-ideal system 
responses 

 Examples: 

› Quantization noise due to limited precision of Analog-to-Digital 
(A/D) converter, also called codec 

› Limited precision in representing input, filter coefficients, output and 
other parameters. 

› Overflow or underflow due to limited dynamic range 

› Roundoff/truncation errors due to rounding/truncation of double-
precision data to single-precision data for storage in a register or 
memory.  

 Rounding results in an unbiased error; truncation results in a biased 
error => rounding more used in practice.  

Finite-Wordlength Effects 
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Floating Point Numbers 

 The goal of floating point representation is represent a 
large range of numbers  

 

 Important Terms 
  Given the number     -123.154 x 105 

 

 

   Sign = negative 

   Mantissa  = 123.154 

   Exponent  =  5 

 

 IEEE 754 standard: floating-point representation used 
by most computers today 
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 32-bit single precision floating point: 

 

 

 

 

 

 

 

 MSB is sign-bit (same as fixed point) 

 8-bit exponent in bias-127 integer format (i.e., add 127 to it) 

 23-bit to represent only the fractional part of the mantissa. 
The MSB of the mantissa is ALWAYS ‘1’, therefore it is not 
stored. 

Single Precision IEEE754 
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 64-bit double precision floating point: 

 

 

 

 

 

 

 

 

 

 MSB is sign-bit (same as fixed point) 

 11-bit exponent in bias-1023 integer format (i.e., add 1023 to it) 

 52-bit to represent only the fractional part of the mantissa. The 
MSB of the mantissa is ALWAYS ‘1’, therefore it is not stored. 

Double Precision IEEE754 
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Normalization 

 FP numbers are usually normalized 

› i.e. exponent is adjusted so that leading bit (MSB) of mantissa is 

1 

 Scientific Notation 
› 1234.567   = 1.234567  x 103 

› Numbers are normalized by moving the decimal point so that 

only one digit appears to the left of the decimal point. 

 Binary normalization 
› 1101.101   = 1.101101   exponent = 3 

› 0.00101     =  1.01         exponent = -3 

› Since it is always 1 there is no need to store it 
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Bit Representation 



20 

 Overflow in floating point means producing a number that is too big 
or too small (underflow)  
› Depends on Exponent size  

› Min/Max exponents for single precision are   2–126    to 2+127  (10 -38 to  10 

+38).  

 To increase the range, need to increase number of bits in exponent 
field. 
› Min/Max exponents for double precision are   2–1022    to 2+1023  (10 -308 to  

10 +308).  

 Precision 
› The effect of changing lsb of mantissa 

 Single precision 
› 23 bit mantissa 2-23  1.2 x 10-7 

› About 6 decimal places 

 Double precision 
› 52 bit mantissa 2-52  2.2 x 10-16 

› About 15 decimal places 

 Extra bits in significand gives more precision, not extended range.  

Overflow/Underflow, Double Precision  
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 Legal Min/Max exponents are   2–126    to 2+127.   

This corresponds to exponent field values of  of   1 to 

254.  

 Sign bit is placed in MSB for a reason – a quick test can 

be used to sort floating point numbers by sign, just test 

MSB  

 If sign bits are the same, then extracting and comparing 

the exponent fields can be used to sort Floating point 

numbers.  A larger exponent field means a larger 

number since the ‘bias’ encoding is used.  

Special Patterns 
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Special Bit Patterns 

 An ∞ can be created by overflow, e.g., divided by zero. Any representable 

number divided by +∞ or -∞ results in 0. 

 NaN (Not a Number) is generated by operations whose input values do not 

make sense, for example, 0/0, 0*∞, ∞/∞, ∞ - ∞. 

› also used for data that have not been properly initialized in a program.  

› Signaling NaN’s (SNaNs) are represented with most significant mantissa bit 

cleared whereas  

› Quiet NaN’s are represented with most significant mantissa bit set. 

Exponent Mantissa Meaning 

11…1 ≠ 0 NaN 

11…1 =0 (-1)S * ∞ 

00…0 ≠0 denormalized 

00…0 =0 0 
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